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SYMBOLIC POWERS OF CERTAIN COVER IDEALS OF GRAPHS
ARVIND KUMAR, RAJIV KUMAR, RAJIB SARKAR, AND S SELVARAJA
Abstract. In this paper, we compute the regularity and Hilbert series of symbolic powers
of cover ideal of a graph G when G is either a crown graph or a complete multipartite graph.
We also compute the multiplicity of symbolic powers of cover ideals in terms of the number
of edges.
1. Introduction
Symbolic powers of ideals have been studied intensely over the last two decades. We refer
the reader to [5] for a review in this direction. There are many ideals associated to graphs,
for example edge ideals and cover ideals. Let G denote a finite simple (no loops, no multiple
edges) undirected graph with the vertex set V (G) = {x1, . . . , xn} and edge set E(G). For
a graph G, by identifying the vertices with variables in S = K[x1, . . . , xn], we associate
squarefree monomial ideals, the edge ideal I(G) = (xixj | {xi, xj} ∈ E(G)) and the cover
ideal J(G) =
(∏
x∈w x | w is a minimal vertex cover of G
)
. By [7, Proposition 2.7], I(G)
and J(G) are dual to each other. Recently, building a dictionary between combinatorial
data of graphs and the algebraic properties of corresponding ideals has been done by various
authors (cf. [7], [13], [18], [26], [27], [28], [30]). In particular, establishing a relationship
between Castelnuovo-Mumford regularity (or simply, regularity) of powers of ideals, Hilbert
series of ideals and combinatorial invariants associated with graphs is an active area of
research (cf. [1], [10], [20]).
It was proved by Cutkosky, Herzog and Trung, [4], and independently Kodiyalam, [21],
that if I is a homogeneous ideal in K[x1, . . . , xn], then there exist non-negative integers a, b
and s0 such that reg(I
s) = as + b for all s ≥ s0. While the coefficient a is well-understood
(cf. [4], [21], [29]), the free constant b and stablization index s0 = min{s | reg(I
s) = as + b}
are quite mysterious. In the case of symbolic powers, Minh and Trung, [3], ask the following
question.
Question 1.1. Let I be a squarefree monomial ideal. Is reg(I(s)) a linear function for s≫ 0?
In [15], Herzog, Hibi and Trung proved that, if I is a monomial ideal, then reg(I(s)) is a
quasi-linear function for s≫ 0. For small dimension, more general results are known in [16]
and [17]. It is not known whether the regularity of symbolic powers of squarefree monomial
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ideals is a linear function or not. In this article, we determine the linear polynomial for the
regularity of symbolic powers of certain cover ideals of graphs.
A crown graph Cn,n is a graph obtained from the complete bipartite graph by removing
a perfect matching (see definition in Section 2). The Betti numbers of edge ideal and rep-
resentation number of crown graphs have been looked by several authors, [9], [25]. Since
crown graph is a bipartite graph, by [8, Corollary 2.6], J(G)s = J(G)(s) for all s ≥ 1. In
[13], Hang and Trung proved that if G is bipartite, then b ≤ |V (G)| − deg(J(G)) − 1 and
s0 ≤ |V (G)| + 2, where deg(J(G)) = max{|C| : C is a minimal vertex cover set of G}. In
the case of crown graph we obtain that b = 0 and s0 = 1 (Theorem 3.4).
We now consider the complete multipartite graphs. The resolution of powers, Cohen-
Macaulayness of cover ideals of complete multipartite graphs and vanishing ideal of the
parametrized algebraic toric set associated to the complete multipartite graphs have already
been looked into by several authors, [19], [22], [23], [24]. We prove that, if G is complete
multipartite with partition V (G) = V1 ∪ · · · ∪ Vk, then reg(J(G)
(s)) = s deg(J(G)) + p − 1
for all s ≥ 1, where p = min{pi : pi = |Vi|} (Theorem 4.6). The Hilbert function, Hilbert
series and Hilbert polynomial are important invariants in commutative algebra and algebraic
geometry that measure the growth of the dimension of its homogeneous components. In
general, computing for the Hilbert series of S/I is a difficult task, even in simple situation
such as when I is a monomial ideal ([2]). In [10], Goodarzi computed the Hilbert series
of squarefree monomial ideals. We compute the Hilbert series of symbolic powers of cover
ideals of crown and complete multipartite graphs (Theorem 3.6, Theorem 4.10). Computing
and finding bounds for the multiplicity of homogeneous ideal have been studied by a number
of researchers (see [2], [14], [30]). We compute the multiplicity of symbolic powers of cover
ideals and edge ideals in terms of combinatorial invariants (Corollary 5.3).
In order to prove our main results, we first show that the minimal monomial generators
of symbolic powers of cover ideals have specific order that satisfies some nice properties
(Lemma 3.3, Lemma 4.4). Using this ordering and certain exact sequences, we obtain our
main results.
Our paper is organized as follows. In Section 2, we collect the necessary notion, terminol-
ogy and some results that are used in the rest of the article. The regularity and Hilbert series
of symbolic powers of cover ideals of crown and multipartite graphs have been discussed in
Section 3 and 4, respectively. The multiplicity of symbolic powers of edge ideals and cover
ideals is studied in Section 5.
2. Preliminaries
In this section, we set up basic definitions, notation and some important results which are
needed for the rest of the paper.
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2.1. Notion from commutative algebra. Let M =
⊕
k∈N
Mk be a finite graded S-module.
The Hilbert series of M , denoted by H(M, t), is defined by H(M, t) :=
∑
k∈N
dimK(Mk)t
k. By
[2, Proposition 4.4.1], there exists a polynomial hM(t) ∈ Z[t] such that H(M, t) =
hM(t)
(1− t)d
,
where d is the dimension of M . The multiplicity of M , denoted by e(M), is defined by
e(M) = hM(1). The Castelnuovo-Mumford regularity of M , denoted by reg(M), is defined
as reg(M) = max{j − i | TorSi (M,K)j 6= 0}.
Let I be an ideal in a Noetherian domain R. The s-th symbolic power of I is defined by
I(s) :=
⋂
p∈Ass(R/I)
(IsRp ∩ R). It follows from [14, Proposition 1.4.4] that if I is a squarefree
monomial ideal in S, then s-th symbolic power of I is I(s) =
⋂
p∈Ass(S/I) p
s.
Remark 2.1. Let p = (xi1 , . . . , xir). For a monomial u in S, set mi(u) = max{j : x
j
i | u}
and degp(u) =
r∑
k=1
mik(u). Let I be a squarefree monomial ideal with I =
⋂
p∈Ass(S/I)
p. Then
u ∈ I(s) if and only if degp(u) ≥ s for all p ∈ Ass(S/I).
2.2. Notion from combinatorics. Let G be a finite simple graph with the vertex set V (G)
and edge set E(G). A subset X of V (G) is called independent if for all x, y ∈ X , {x, y} /∈
E(G). A graph G is said to be bipartite if there exist two disjoint independent sets X and Y
such that V (G) = X ∪Y . A graph G is said to be complete multipartite if V (G) can be par-
titioned into sets V1, . . . , Vk for some k ≥ 2 such that E(G) =
⋃
i 6=j {{x, y} | x ∈ Vi, y ∈ Vj}
and it is denoted by Kp1,...,pk , where pi = |Vi|. An n-crown graph (or simply a crown graph),
denoted as Cn,n, is a bipartite graph on the vertex set V (G) = {x1, . . . , xn, y1, . . . , yn} with
the edge set E(G) =
{
{xi, yj} | 1 ≤ i, j ≤ n, i 6= j
}
. A subset C ⊂ V (G) is a vertex cover
of G if for each e ∈ E(G), e ∩ C 6= φ. If C is minimal with respect to inclusion, then C is
called a minimal vertex cover of G.
Example 2.2. Let G = K2,2,1,1 and H = C4,4 be complete multipartite graph and crown
graph on {x1,1, x1,2, x2,1, x2,2, x3,1, x4,1} and {x1, . . . , x4, y1, . . . , y4} as given in the figure be-
low.
x1,2
x4,1
x1,1 x2,1
x2,2
x3,1
G
x1
y2
x3
y1
x2
y4y3
x4
H
It can be noted that {x1,1, x1,2, x2,1, x2,2, x3,1} and {x2, x3, x4, y2, y3, y4} are minimal vertex
covers of K2,2,1,1 and C4,4 respectively.
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For any undefined terminology and further basic definitions, we refer the reader to [2],
[14].
3. Crown graph
In this section, we study the regularity and Hilbert series of symbolic powers of cover
ideals of crown graphs. Throughout this section, G denotes a crown graph.
3.1. Regularity. In this subsection, we obtain the linear function for the regularity of
J(G)(s) for all s ≥ 1. Our result Theorem 3.4 shows that reg(J(G)(s)) is a linear func-
tion with the stabilization index s0 = 1 and free constant b = 0. In order to prove this, we
first fix certain notation.
Notation 3.1. For n ≥ 3, let G = Cn,n be a graph with V (G) = {x1, . . . , xn, y1, . . . , yn}.
Set
Mx =
n∏
i=1
xi, My =
n∏
i=1
yi, M =MxMy, Mi =
M
xiyi
for 1 ≤ i ≤ n.
First, we find the monomial generating set of cover ideal of crown graph.
Lemma 3.2. Let G = Cn,n with notation as in 3.1. Then J(G) = (Mx,My,M1, . . . ,Mn).
In particular, deg(J(G)) = 2n− 2.
Proof. Since J(G) =
⋂
i 6=j
(xi, yj), (Mx,My,M1, . . . ,Mn) ⊂ J(G). Let u be a monomial in
J(G). If either Mx | u orMy | u, then we are done. Now, we assume that Mx ∤ u and My ∤ u.
This forces that there exist i and j such that xi ∤ u and yj ∤ u. For k 6= i, J(G) ⊂ (xi, yk)
which forces that yk | u. This implies that j = i, and by symmetry for k 6= i, xk | u.
Therefore Mi | u which gives the desired result. 
For a monomial u, support of u, denoted by supp(u), is defined by supp(u) = {xi : xi | u}.
The following lemma summarizes some basic properties of J(G)(s).
Lemma 3.3. Let G = Cn,n with notation as in 3.1. Then, for s ≥ 2,
i) (Mx) : My = (Mx).
ii) (Mx) : Mi = (xi) and My :Mi = (yi) for 1 ≤ i ≤ n.
iii) (Mj) :Mi = (xiyi) for i 6= j.
iv) (Mx,My,M1, . . . ,Mi−1) : Mi = (xi, yi) for 1 ≤ i ≤ n.
v) J(G)s :Mx = J(G)
s−1.
vi) (J(G)s,Mx) : My = (J(G)
s−1,Mx).
vii) (J(G)s,Mx,My,M1, . . . ,Mi−1) :Mi =
(
xi, yi,M
s−1
i
)
for 1 ≤ i ≤ n.
Proof. (i)-(iv) are standard.
(v) The assertion follows from [26, Lemma 3.2].
(vi) Since supp(Mx) ∩ supp(My) = ∅, by (v), (J(G)
s,Mx) :My = (J(G)
s−1,Mx).
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(vii) By (iv), (J(G)s,Mx,My,M1, . . . ,Mi−1) : Mi ⊃ (xi, yi,M
s−1
i ). Let u be a monomial in
(J(G)s,Mx,My,M1, . . . ,Mi−1) : Mi. If either xi | uMi or yi | uMi, then u ∈ (xi, yi,M
s−1
i ).
Suppose xi ∤ uMi and yi ∤ uMi. Note that (Mx,My,M1, . . . ,Mi−1) ⊂ (xi, yi) and xi ∤ uMi
and yi ∤ uMi forces that uMi ∈ J(G)
s. Since G is a bipartite graph, by [8, Corollary 2.6],
J(G)(s) = J(G)s, and hence J(G)s =
⋂
i 6=j
(xi, yj)
s. For k 6= i, J(G)s ⊂ (xi, yk)
s, and xi ∤ uMi
which implies that ysk | uMi. Note that for k 6= i, y
2
k ∤ Mi which forces that y
s−1
k | u.
Similarly, we get that xs−1k | u for all k 6= i. Hence M
s−1
i | u. 
We now proceed to compute the regularity of powers of J(G).
Theorem 3.4. Let G = Cn,n. Then for all s ≥ 1,
reg(J(G)s) = s · deg(J(G)).
Proof. It follows from [28, Lemma 3.1] that s · deg(J(G)) ≤ reg(J(G)s). We need to prove
that reg(J(G)s) ≤ s · deg(J(G)). By [14, Proposition 8.1.10], reg(J(G)) = pd(S/I(G)). If
s = 1, then the result follows from [25, Theorem 4.3]. So, assume that s ≥ 2. Consider the
following short exact sequence:
0 −→
S
J(G)s : Mx
(−n) −→
S
J(G)s
−→
S
(J(G)s,Mx)
−→ 0. (3.1)
By Lemma 3.3, J(G)s : Mx = J(G)
s−1. Then, by the induction hypothesis,
reg
(
J(G)s−1(−n)
)
≤ (s− 1) · deg(J(G)) + n ≤ s · deg(J(G)).
Now, by Equation (3.1), it is sufficient to show that reg(J(G)s,Mx)) ≤ s · deg(J(G)).
Claim: reg(J(G)s,Mx) ≤ s · deg(J(G)) for all s ≥ 1.
Proof of the claim: We proceed by induction on s. If s = 1, then (J(G),Mx) = J(G)
and the result follows from [25, Theorem 4.3]. Assume that s ≥ 2. Set K = (J(G)s,Mx),
K1 = (K,My) and for 2 ≤ l ≤ n + 1, Kl = (Kl−1,Ml−1). Note that Kn+1 = J(G). Consider
the following short exact sequences:
0 −→
S
K : My
(−n) −→
S
K
−→
S
K1
−→ 0, (3.2)
for 1 ≤ l ≤ n,
0 −→
S
Kl : Ml
(−(2n− 2)) −→
S
Kl
−→
S
Kl+1
−→ 0. (3.3)
Using Equations (3.2) and (3.3), we get
reg(K) ≤ max {reg(K :My) + n, reg(J(G)), reg(Kl : Ml) + 2n− 2 for 1 ≤ l ≤ n} .
We now prove that each of regularities appearing on the right hand side of the above in-
equality is bounded above by s · deg(J(G)). By Lemma 3.3, Theorem 3.4 and [25, Theorem
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4.3], we have
reg(K : My) =reg(J(G)
s−1,Mx), reg(J(G)) = deg(J(G))
reg(Kl :Ml) =reg(xl, yl,M
s−1
l ), for all 1 ≤ l ≤ n.
By induction, reg(K :My) ≤ (s−1) ·deg(J(G)). Since xl, yl,M
s−1
l is a regular sequence with
deg(xl) = deg(yl) = 1 and deg(Ml)
s−1 = (s−1)·deg(J(G)), reg(Kl :Ml) = (s−1)·deg(J(G)).
Therefore, reg(J(G)s,Mx) ≤ s · deg(J(G)). 
3.2. Hilbert series. We compute the Hilbert series of symbolic powers of cover ideals of
crown graphs. We begin by computing the Hilbert series of cover ideal.
Theorem 3.5. Let G = Cn,n for n ≥ 3 with notation as in 3.1. Then
H
(
S
J(G)
, t
)
=
n−1∑
i=0
(i+ 1)ti +
n−3∑
i=0
(n− i− 1)tn+i − (n− 1)t2n−2
(1− t)2n−2
.
Proof. Set I0 = (Mx,My) and Ii = (Ii−1,Mi) for all 1 ≤ i ≤ n. For 1 ≤ i ≤ n, consider the
exact sequence:
0 −→
S
Ii−1 :Mi
(−(2n− 2))−→
S
Ii−1
−→
S
Ii
−→ 0.
We have H
(
S
J(G)
, t
)
= H
(
S
I0
, t
)
− t2n−2
∑n
i=1H
(
S
Ii−1:Mi
, t
)
. Since Mx,My is a regular
sequence on S of elements of degree n, we get H
(
S
I0
, t
)
=
(1− tn)2
(1− t)2n
. By Lemma 3.3,
Ii−1 : Mi = (xi, yi) for any 1 ≤ i ≤ n which implies that H
(
S
Ii−1:Mi
, t
)
= 1
(1−t)2n−2
. Hence
H
(
S
J(G)
, t
)
=
n−1∑
i=0
(i+ 1)ti +
n−3∑
i=0
(n− i− 1)tn+i − (n− 1)t2n−2
(1− t)2n−2
.

We end this section by proving one of our main result.
Theorem 3.6. Let G = Cn,n for n ≥ 3 with notation as in 3.1. Then for all s ≥ 1,
H
(
S
J(G)s
, t
)
=
ns−1∑
i=0
(i+ 1)ti +
n−3∑
i=0
(n− i− 1)stns+i − (n− 1)stns+n−2 −
s−2∑
i=0
(i+ 1)nts(2n−2)−i(n−2)
(1− t)2n−2
.
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Proof. We proceed by induction on s. By Theorem 3.5, the result is true for s = 1. Assume
that s ≥ 2. Using Lemma 3.3 (v) and exact sequence (3.1), we get
H
(
S
J(G)s
, t
)
= tnH
(
S
J(G)s−1
, t
)
+H
(
S
(J(G)s,Mx)
, t
)
. (3.4)
Claim: For all s ≥ 1, H
(
S(
J(G)s,Mx
) , t
)
=
n−1∑
i=0
(i+ 1)ti + n
ns−1∑
i=n
ti +
n−2∑
i=1
(n− i)tns+i−1 − (n− 1)tns+n−2 − n
s−2∑
i=0
ts(2n−2)−i(n−2)
(1− t)2n−2
.
Now, it is enough to prove the above claim as the desired result follows from induction ar-
gument, claim and Equation (3.4).
Proof of the claim: For s = 1 the result follows from Theorem 3.5 and the fact that
(J(G),Mx) = J(G). Assume that s ≥ 2. Using Equations (3.2) and (3.3), we get
H
(
S
K
, t
)
= tnH
(
S
K : My
, t
)
+
m∑
i=1
t2n−2H
(
S
Ki : Mi
, t
)
+H
(
S
J(G)
, t
)
. (3.5)
By Lemma 3.3(vi) and (vii), K : My = (J(G)
s−1,Mx) and Ki : Mi = (xi, yi,M
s−1
i ). Since
xi, yi,M
s−1
i is a regular sequence with deg(Mi) = 2n− 2, we get that
H
(
S
Ki : Mi
, t
)
=
(1− t(s−1)(2n−2))
(1− t)2n−2
.
Now the claim follows from Equation (3.5), Theorem 3.5 and induction. 
4. Complete multipartite graph
In this section, we study the regularity and Hilbert series of symbolic powers of cover ideals
of complete multipartite graphs. Throughout this section, G denotes a complete multipartite
graph.
4.1. Regularity. We determine the regularity of symbolic powers of cover ideals of complete
multipartite graphs. In order to compute the regularity of J(G)(s), we first find the generators
of J(G) and its symbolic powers. We begin by fixing some notation which are used for the
rest of the section.
Notation 4.1. Let G = Kp1,...,pk be a complete multipartite graph with the vertex set
V (G) =
k⋃
i=1
{xij : 1 ≤ j ≤ pi}, p1 ≥ p2 ≥ · · · ≥ pk ≥ 1 and k ≥ 2.
Set
n = p1 + p2 + · · ·+ pk, Mi =
pi∏
j=1
xij for 1 ≤ i ≤ k, M =
k∏
i=1
Mi and Ni =
M
Mi
for 1 ≤ i ≤ k.
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The next lemma describes the minimal generating set of monomials of J(G).
Lemma 4.2. Let G = Kp1,...,pk with the notation as in 4.1. Then J(G) = (Ni | 1 ≤ i ≤ k).
In particular, deg(J(G)) = n− pk.
Proof. Note that supp(Ni) is a vertex cover of G which implies that (Ni | 1 ≤ i ≤ k) ⊂ J(G).
Let u be a monomial in J(G). If for all i, j, xi,j | u, then u ∈ (Ni | 1 ≤ i ≤ k). Now, without
loss of generality, assume that x1,1 ∤ u. Since for all i 6= 1 and j, J(G) ⊂ (x1,1, xi,j), we get
xi,j | u, which further implies that Ni | u. This completes the proof. 
If k = 2, then by [8, Corollary 2.6], J(G)s = J(G)(s) for all s ≥ 1. If k ≥ 3, then G is
non-bipartite graph and every vertex in G is adjacent to every odd cycle in G. Therefore, by
[6, Theorem 4.9 and Remark 4.10], J(G)(s) = MJ(G)(s−2) + J(G)s. Now, we further reduce
the above expression.
Lemma 4.3. Let G = Kp1,...,pk with the notation as in 4.1. Then
J(G)(s) =MJ(G)(s−2) +
(
N sj | j ∈ [k]
)
.
Proof. For e ∈ E(G), pe denote an ideal generated by end points of e. Let u be a monomial
J(G)(s). By Remark 2.1, for every e ∈ E(G), we have degpe(u) ≥ s. Note that degpe(M) = 2.
If u =Mv, then degpe(v) ≥ s− 2 which implies that v ∈ J(G)
(s−2).
Suppose M ∤ u. Then there exists xi,j such that xi,j does not divide u. Without loss
of generality, we may assume that x1,1 ∤ u. Since x1,1 is adjacent to xi,j for i ≥ 2 and for
all j, by Remark 2.1, N s1 divides u. Thus, we have J(G)
(s) ⊂ MJ(G)(s−2) +
(
N sj : j ∈ [k]
)
.
Clearly
(
N sj : j ∈ [k]
)
⊂ J(G)(s). It follows from Remark 2.1 that MJ(G)(s−2) ⊂ J(G)(s)
which completes the proof. 
For a monomial ideal I = (m1, . . . , mr), let I
[s] denote an ideal generated by ms1, . . . , m
s
r.
The following lemma plays a crucial role to compute the regularity of J(G)(s).
Lemma 4.4. Let G = Kp1,...,pk with the notation as in 4.1. Then
i) J(G)(s) : M = J(G)(s−2) for s ≥ 2.
ii) (J(G)(s),M) = (J(G)[s],M) for s ≥ 1.
iii) (N s1 , . . . , N
s
i−1) : N
s
i = (M
s
i ) for 2 ≤ i ≤ k.
iv) J(G)[s] : M = J(G)[s−1] for s ≥ 2.
Proof. (i) and (ii) follow from [27, Lemma 3.4] and Lemma 4.3, respectively.
(iii) Clearly (Msi ) ⊂ (N
s
1 , . . . , N
s
i−1) : N
s
i . Let u be a monomial in (N
s
1 , . . . , N
s
i−1) : N
s
i . This
forces that for some 1 ≤ j < i, N sj | uN
s
i which implies that M
s
i | u.
(iv) If u ∈ J(G)[s] :M , then there exists i such that N si | uM and so N
s−1
i | u. On the other
side, since Ni |M for all i, we get N
s
i |MN
s−1
i . 
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For fixed s ≥ 2 and j ∈ [k], we associate an ideal Is,j =
(
M,N s1 , . . . , N
s
j
)
. Now, we
compute the regularity of Is,j in terms of s and pj , which helps to compute the regularity of
J(G)(s).
Lemma 4.5. For fixed s ≥ 2 and j ∈ [k], reg (Is,j) = s(n− pj) + pj − 1.
Proof. We prove the assertion by induction on j. Suppose j = 1, consider the exact sequence
0 −→
S
M : N s1
(−s(n− p1)) −→
S
M
−→
S
(M,N s1 )
−→ 0.
Note that reg (M) = n and (M : N s1 ) = M1. Therefore
reg ((M : N s1 ) (−s(n− p1))) = p1 + s(n− p1).
Since s ≥ 2, it follows from [12, Lemma 1.2 (v)] that reg (M,N s1 ) = s(n − p1) + p1 − 1.
Consider the exact sequence
0 −→
S
Is,j−1 : N sj
(−s(n− pj)) −→
S
Is,j−1
−→
S
Is,j
−→ 0.
Note that Is,j−1 : N
s
j = Mj , and hence reg
((
Is,j−1 : N
s
j
)
(−s(n− pj))
)
= s(n − pj) + pj .
By induction, reg (Is,j−1) = s(n − pj−1) + pj−1 − 1. Hence by [12, Lemma 1.2 (v)], we get
reg (Is,j) = s(n− pj) + pj − 1. 
We now compute the regularity of J(G)(s). Since complete multipartite graph is a matroid,
there is another way to compute the regularity of J(G)(s), see [3, Theorem 4.5]. We have
provided here an elementary proof so that the result is accessible to readers who are not
familiar with matroid.
Theorem 4.6. Let G = Kp1,...,pk with the notation as in 4.1. Then for all s ≥ 1,
reg
(
J(G)(s)
)
= s · deg(J(G)) + pk − 1.
Proof. We prove the result by induction on s. If s = 1, then the result follows from [18,
Theorem 5.3.8]. Assume that s > 1. Consider the following exact sequence:
0 −→
S
J(G)(s) : M
(−n) −→
S
J(G)(s)
−→
S
(J(G)(s),M)
−→ 0. (4.1)
By Lemma 4.4(i), J(G)(s) : M = J(G)(s−2) and by induction
reg
((
J(G)(s) : M
)
(−n)
)
= (s− 2) · deg(J(G)) + n+ pk − 1.
It follows from Lemma 4.3 that (J(G)(s),M) = Is,k. Now, by Lemma 4.5, we get
reg
(
J(G)(s),M
)
= s · deg(J(G)) + pk − 1.
Hence the assertion follows [12, Lemma 1.2]. 
It follow from the Theorem 4.6 that if pk = 1, then the free constant b = 0. In particular,
we recover the result of Fakhari ([28, Corollary 3.8]).
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Corollary 4.7. Let G be a complete graph on n vertices. Then, for all s ≥ 1,
reg
(
J(G)(s)
)
= s · deg(J(G)) = s(n− 1).
4.2. Hilbert series. In this subsection, we compute the Hilbert series of symbolic powers
of J(G) in terms of number of vertices and cardinality of partition. To accomplish this, we
first study the Hilbert series of S
J(G)[s]
for all s ≥ 1.
Proposition 4.8. Let G = Kp1,...,pk with the notation as in 4.1. Then, for all s ≥ 1,
H
(
S
J(G)[s]
, t
)
=
1−
k∑
i=1
ts(n−pi) + (k − 1)tsn
(1− t)n
.
Proof. By Lemma 4.4(iii), (N s1 , . . . , N
s
i−1) : N
s
i = (M
s
i ) for all 2 ≤ i ≤ k. Now, for 2 ≤ i ≤ k
consider the exact sequences:
0 −→
S
(Msi )
(−s(n− pi)) −→
S
(N s1 , . . . , N
s
i−1)
−→
S
(N s1 , . . . , N
s
i )
−→ 0.
We know that H
(
S
(Msi )
, t
)
= 1−t
spi
(1−t)n
for all 2 ≤ i ≤ k. Therefore, by applying successively the
above short exact sequences, we get
H
(
S
J(G)[s]
, t
)
= H
(
S
(N s1 )
, t
)
−
k∑
i=2
ts(n−pi)H
(
S
(Msi )
, t
)
=
1− ts(n−p1)
(1− t)n
−
k∑
i=2
(
ts(n−pi) − tsn
(1− t)n
)
=
1−
k∑
i=1
ts(n−pi) + (k − 1)tsn
(1− t)n
.

To obtain the Hilbert series of S
J(G)(s)
, we need the following lemma:
Lemma 4.9. Let G = Kp1,...,pk with the notation as in 4.1. Then for all s ≥ 1,
H
(
S
(J(G)[s],M)
, t
)
=
1− tn −
k∑
i=1
ts(n−pi) +
k∑
i=1
ts(n−pi)+pi
(1− t)n
.
Proof. Consider the short exact sequence:
0 −→
S
J(G)[s] : M
(−n) −→
S
J(G)[s]
−→
S
(J(G)[s],M)
−→ 0. (4.2)
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By Lemma 4.4(iv), J(G)[s] :M = J(G)[s−1]. Therefore
H
(
S
(J(G)[s],M)
, t
)
= H
(
S
J(G)[s]
, t
)
− tnH
(
S
J(G)[s−1]
, t
)
.
Using Proposition 4.8, we get the result. 
We are now ready to establish the Hilbert series of
S
J(G)(s)
for all s ≥ 1.
Theorem 4.10. Let G = Kp1,...,pk with the notation as in 4.1. Then H
(
S
J(G)(s)
, t
)
is


1− trn +
r−1∑
j=0
k∑
i=1
(tpi − 1) t(s−j)(n−pi)+jpi
(1− t)n
, if s = 2r, r ≥ 1
1 + (k − 1)t(r+1)n −
k∑
i=1
t(n−pi)+rn +
r−1∑
j=0
k∑
i=1
(tpi − 1) t(s−j)(n−pi)+jpi
(1− t)n
if s = 2r + 1, r ≥ 0.
Proof. It follows from Lemma 4.4(i) and (ii) that for s ≥ 2, J(G)(s) : M = J(G)(s−2) and
(J(G)(s),M) = (J(G)[s],M). Using Equation (4.1), we get
H
(
S
J(G)(s)
, t
)
= tnH
(
S
J(G)(s−2)
, t
)
+H
(
S
(J(G)[s],M)
, t
)
. (4.3)
Suppose s = 2r. We prove this by induction on r. If r = 1, then, by Lemma 4.3,
J(G)(2) = (J(G)[2],M). Now the result follows from Lemma 4.9. Assume that r ≥ 2. Now
by induction and Lemma 4.9, we get the assertion.
Suppose s = 2r + 1. By Lemma 4.8, the result holds for r = 0. Now assume that r ≥ 1.
The assertion follows from induction, Lemma 4.9 and Equation (4.3). 
5. Multiplicity
Next, we study the multiplicity of symbolic powers of cover ideals and edge ideals. The
following lemma is probably well-known. We include it for the sake of completeness.
Lemma 5.1. Let I be an ideal generated by h linear forms. Then e
(
S
Is
)
=
(
s+ h− 1
h
)
.
Proof. Let x ∈ m \ I be a generator of m, where m = (x1, . . . , xn) is the unique homoge-
neous maximal ideal in S. Then x is a regular element on I, and so on Is. This gives
H
(
S
(Is, x)
, t
)
= (1 − t)H
(
S
Is
, t
)
, and hence e
(
S
(Is, x)
)
= e
(
S
Is
)
. Therefore, without
loss of generality, we may assume that I = m. Thus, we get e
(
S
Is
)
= dimK
(
S
Is
)
. 
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Observation 5.2. Let I be a squarefree monomial ideal in S. Since the minimal associated
primes of squarefree monomial ideals are generated by subsets of variables, by [2, Corollary
4.7.8] and Lemma 5.1, we have
e
(
S
I(s)
)
=
(
h+ s− 1
h
)
|Minh(I)| ,
where Minh(I) = {p ∈ Ass(S/I) : ht(p) = ht(I)}.
As a consequence of Observation 5.2, we obtain the multiplicity of symbolic powers of
edge ideals and cover ideals in terms of combinatorial invariants.
Corollary 5.3. Let G be a graph and h the size of the smallest vertex cover of G. Then for
all s ≥ 1,
i) e
(
S
I(G)(s)
)
=
(
h+s−1
h
)
V(G), where V(G) is the number of minimal vertex covers of G
of minimal size.
ii) e
(
S
J(G)(s)
)
=
(
s+1
2
)
|E(G)|.
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